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An order-preserving map f of a partially ordered set P to itself has a 
fixedpoint if there is an element a in P such thatf(a) = a; P is said to have 
theJixedpoint property if every order-preserving map of P to itself has a 
fixed point. The first of the fixed point theorems for partially ordered 
sets goes back almost 50 years to Knaster and Tarski (cf. [3]), who proved 
that the lattice of all subsets of a set has the fixed point property. In the 
mid-1950’s Tarski [5] published a far-reaching generalization: Every 
complete lattice has the ,jixed point property. Davis [l] in a companion 
paper proved the converse: Every lattice with the jixed point property 
is compkte. The analogous problem for (finite) partially ordered sets 
has remained largely unexplored. At present there are no known necessary 
and sufficient conditions on a (finite) partially ordered set in order that it 
have the fixed point property. 
Call a partially ordered set jixed point ,free if it does not have the fixed 
point property. The purpose of this paper is to characterize finite partially 
ordered sets of length 1 with the fixed point property. 
Let a, b be elements in a partially ord.ered set P. a covers b (or a is an 
upper cover of b, or b is a lower cover of a) if n > c 3 b implies b = c; 
a is irreducible in if a has precisely one upper cover or ~Ke~i~el~ one lower 
cover in P. Let 1(P) denote the set of all e~erne~~s irreducible in 19. An 
:r-element ~a~ti~li~ ordered set P is ~~s~~~t~~~~~ by i~~e~~c~~~es iE the 
elements of P can be dabbled a, ) a2 ).SI, n, so that 
aid( -- (a, g “2 )I*‘> a<+-& 
for each i : 1,2,..., n --- 1. For n 3 4 a subset C = (cj I cg )..~9 4$ of P 
is a crown provided that c1 < c, , and c1 < c2 p c, > cQ ,“.. p c,+, > c,-~ , 
c,-~ < c, are the only comparability relations that hold in C and, in the 
case II = 4, there is no a E P su& that c1 < a < c2 ) es < a < cl1 (see 
Fig. 1). 
a09 
Copyright 0 1976 by Academic Press, Inc. 
All rights of reproduction in any form reserved. 
310 IVAN RIVAL 
FIGURE 1 
THEOREM. Let P be a$nite, connected, partially ordered set of length 1. 
The following conditions are equivalent. 
(1) P has the jixed point property; 
(2) P is dismantlable by irreducibles; 
(3) P does not contain a crown. 
In addition, we shall prove a decomposition result concerning finite, 
fixed point free, partially ordered sets in which the basic ingredients are 
connected, fixed point free, subsets of length 1. 
Before proceeding to the substance of the paper it seems appropriate 
to record one comment of a heuristic value. The results presented here 
tend to confirm the impression that crowns should play a central role in 
the description of (finite) connected, fixed point free, partially ordered 
sets. Of course, this role has not yet been precisely delineated. For a more 
complete discussion of the importance of crowyls and the related concept 
of dismantlability in problems concerning partially ordered sets and 
especially lattices we refer the reader to [4]. 
The relation between dismantlability by irreducibles and the fixed 
point property is revealed in the following elementary result. 
PROPOSITION 1. Let P be a partially ordered set in which every chain 
is finite and let a E l(P). Then P is fixed point free if and only if P - (a} 
is jixed point free. 
ProoJ: Let a G I(P) where a has a unique lower cover b, say. Iff: P -+ P 
is order-preserving and without fixed points then, since P contains no 
infinite chains, f (b) # a. The map f I: P - (a} - P - (a} defined by 
f’(x) = b if x Ef-l((a}), 
= “f(x) otherwise 
is order-preserving and without fixed points. For example, if x, y E P - {a}, 
x > y, x ef-l({a}), and y #f-‘({a}) then J(x) = a > b > f( y) so that 
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f’(x) > J’(y) 0x1 the other hand, if g : P - {a] += P - (a> is order- 
preserving and without fixed points then it is easily verified that g’: P + P 
defined by 
SW = ‘0) if x = a!, 
= idx> otherwise 
is again order-preserving and without fixed points. 
COROLLARY 2. Let P be ~~~itepai,tia~~y orderedset. .lfP is di~~la~tlable 
by ~r~,educib~es then P has the jixed point property. 
Proof. This follows at once from Proposition 1 and the trivial fat% 
that a partially ordered set with one element has the fixed point 
property. 1 
It is not true, however, that a finite partially ordered set with the fixed 
point property is dismantlable by irreducibles. Indeed, the partially 
ordered set illustrated in Fig. 2 is not dismantlable by irreducibles; on the 
other hand, it is routine-if tedious-to verify that it has the fixed point 
property. 
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Proof. Let us suppose that P contains no crowns and that I(P) = a. 
If P had a maximum element u, say, then any lower cover of u would be 
irreducible in P; hence, P has neither a maximum element nor a minimum 
element. Let L 3 P be obtained from P by adjoining a maximum element 
and a minimum element. If there exist a, b EL such that (a, b} has no 
supremum in L then there are incomparable elements c, d in L, each an 
upper bound to both a and b; hence, if P contains no d-element crown then 
L is a lattice. If, moreover, P contains no crown of order 36 then, by a 
theorem of Kelly and Rival [2], there is an element x in L which has 
precisely one upper cover and precisely one lower cover in L; hence, 
x E P and, in fact, since P is connected, x E I(P). l 
We are now ready to proceed with the proof of the Theorem. 
That (3) implies (2) follows as a special case of Proposition 3. (It is also 
possible to supply a simple direct argument since P has length 1.) 
In addition, a special case of Corollary 2 yields: (2) implies (1). It suffices 
then to show that P is fixed point free whenever P contains a crown. 
Indeed, let C = (cl, c2 ,..., c,> be a crown of minimum order in P 
and let g: C + C be defined by g(q) = cifB for each i = 1, 2,..., n where 
subscripts are, of course, interpreted modulo n. It is clear that g is an 
order-preserving map without fixed points. We extend g to an order- 
preserving map f without fixed points of P to itself, in fact, satisfying 
f(P) = C. To this end we first establish two lemmas. 
LEMMA 4. Let P be a partially ordered set of length 1 and let 
F = (a, , a, ,..., a,} and G = {b, , b, ,..., b,} be fences in P such that 
al = bl, a, = b,, and F # G. Then F v G contains a crown of order 
<n+m-2. 
Proof. We induct on 1 F v G /. If ai is incomparable with bj whenever 
1 -=z i < n and 1 < j < m then (a,, a2 ,..., a,, bVLml, b,-, ,..., b,) is a 
crown in F v G of order n + m - 2. Otherwise, there exist i, j satisfying 
1 < i < n, 1 < j < m such that ai > bj , say. Then either the pair of fences 
(al , a2 ,..., ai , W, PI., b2 ,..., bJ or (ai , ai+l ,..., 4, {ai , bj , bj+l , . . . . b,) 
satisfies the conditions of the inductive hypothesis which completes the 
proof. 1 
LEMMA 5. Let P be a partially ordered set of length 1 and let 
c = {Cl ) c2 )..., c,> be a crown of minimum order in P. If a E P - C and 
Fi , Fj are fences in P connecting a to ci , cj , respectively, satisfying 
IFinCl = 1 = [F$nCj, 
lFij <min{i+ l,n-ii), 
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and 
then -s;i = Fj . 
j Fj 1 < min{j -+ 1, n -j}, 
ProoJ: We may assume that i < j and let us suppose that IV< f Fj a 
First, we claim that I$ U {cjeI , cje8 ,~.., cJ is a fence. If this were not so 
then there would exist bE E I;; comparable with some c,~ , where 9 < 1 < m, 
I$ = (a = b, , b, >u..’ b,=cJ, i<k<j, and either ltm-9 or 
k <j. Choose the lexico~raphically maximum pair (1, k) with this property. 
Then {b, , c,~ f eR+l ,S.I, q} and (6, , b,,, ,..., b,-, , cJ would be fences 
satisfying the conditions of Lemma 4 and Y would contain a crown of 
order <j - k + 2 .f M - I + 9 - 2 < ~1, contradicting the minima&y 
of n. 
Finally, ITI and Fj u {q--l , cjU2 ,..., es are fences satisfying the conditions 
of Lemma 4 again; hence, Fi v Fj u (cjwl, cjS2 ,..., ci> contains a crown 
of order < / r;i 1 + / Fs / + j -- i - 2 < n which, again contradicts the 
minimality of n. 1 
We partition P into three subsets: Let A consist of all n E P - C for 
which there exists ci E C and a fence F in P connecting a to ci such that 
I F f~ C / = 1 and I F I d min{i + 1, n - i}; let B = P - (A u C). We 
are finally ready to define the rumoured extension of g. Indeed, for 
a E C define j(c) = g(c); for a E A, define 
f@> = ck?7+a if i .+ 1 < n - i, 
= Gq-?>L+l if I2 - E < i -I- 9, 
where Fis a fence connecting a to ci Y say, I P’ n a”= j = 9, and m = I 
min(i -I- 9, n --. i}; for a E B, define 
f (4 = c2 if if a is maximal in P, 
z= Cl if a is mi~ima1 in P. 
Fig, 3 iII~strates this map with a sim939e exam 
That f is well defined on A is precisely t substance of Lemma 5. 
oreover, since P is connected and of lengt every maximal chakr in 
P has two elements; hence, ,f is, in ad~~~tio~~~ weI1 d.efined on 
frenzy, f is a map of P to itself and f has 1so fixed points. It remains to 
prove that f is order-preservi~g~ 
Let n E A be rnaxima~ (rn~n~ma~) in .P and let P be the fence connecting 
atoci,say,with/FnC/-= 1andlE;j ,(min{i+I,M--Q.Btisea.sy 
to verify that j(a) is also maximal (~~~i~~~~a~) in P. ~~~r~~~rrnore~ if 
/ P / 2; min{i ,-/- 9, n: .- i> then f(a) = cz(cI). 
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Let x,y E P and x > y. Obviously, if x,y E C or x,y~ B then 
f(x) > f(y). Therefore, the following cases are exhaustive: (a) x E C, 
y$C’;(b)x$C,y~C;(c)x~A,y~B;(d)x~&y~A;(e)x,y~A. 
Case (a). Let x = ci . If 2 < min{i + 1, n - i] then f(y) = c~+~ or 
ci+3 and f(x) = c~+~ > f(y). Otherwise, i = y1 - 1 or i = n. Since x is 
maximal, i = IZ and f(x) = c2 . If y E B then f( JI) = cl < f(x). Now let 
us suppose that y E A; that is, there exists cj and a fence F connecting y 
to cj such that 1 F n C j = 1 and ) F 1 ,< min(j + 1, y1 -j}. In view of 
Lemma 5, F u {cjel , cjP2 ,..., cl, en} is a fence; hence, by Lemma 4, 
(y, c,} u F u (cj-1, cje2 ,..., cl, en> contains a crown of order 
<2+ II;/ +j-2 <n. By the minimality of p1 we have that jF[ = 
min{j + 1, n -j> so thatf(y) = c, < c2 = f(x). 
Case (b). Let y = ci . If 2 < min{i + 1, y1 - i} then f(x) = c~+~ or 
cift so that f(ci) = ciJr2 <f(x). Otherwise, since y is minimal, i = y1 - 1 
and f(y) = c1 . If x E B then f(x) = c2 > f(y). Hence, we assume that 
there is a fence connecting x to cj , say, with the usual properties. Now 
{x, c,-~> u F u {c~+~, c~+~ ,..., c,-~} contains a crown of order 
62 + 1 F / + n - 1 - j - 2 < n; hence, / F j = min(j + 1, n - j). Once 
again this implies that f(x) = c, > cl = f(y) and we are done. 
Case (c). Let F be the fence connecting x to ci , say, such that 
IFnCI=l andm=~Fl<minfi+l,n-ii).Sincey$Awehave 
that y $ F and, indeed, m + 1 6 min(i + 1, y1 - i}. Consequently, 
m = min{i + 1, y1 - i> so that f(x) = cz > c1 = f(y). 
Case (d). Let F be the fence connecting y to cd, say, such that 
IFnCI=l andm=~F/<min(i+l,n-ii). SincexeAwehave 
that x $ F and m + 1 $ min(i + 1, II - i}. It follows, as in case (c), 
that f(y) = c1 and since x is maximal, f(x) = c2 > c1 = f(y). 
C’clse (cl. There exist ci , cj and fences Fi , Fj connecting .x, y to ci , Cj , 
respectively, such that 1 Fi n C 1 = 1 =: 1 Fj n C 1, 1 Fi 1 < min(i + 1, y1 -. i}, 
and / J’? ! < min{j -I- 1, n - j). If y E Fi then, applying Lemma 5, we 
conclude that Fj C Fi ; in fact, Fj z= Fi -- {x} SO that ci = ci . Let 
m = j IT, 1. If i + 1 2s y1 - i then f(x) = c++~ , f(y) = c~+~+~ . Since 
x is maximal in B so is G~--?~,.~ and we have f  (x) > f(y)* If n - i < i -t 1 
then f(x) = c i+m. > c~,.~~,.~ = f(y). We may assume then, that y 4 Fi . 
Another application of Lemma 5 yields m + 1 $ min(i + 1, 12 - i} so 
that mz = min(i + 1, n -. i> andf(x) T C, ~ Similarly, we may assume that 
x F$ Fj , j Ff 1 = min{ j + I, 12 - j} and f(y) = c1 . The proof of the 
theorem is thereby complete. 
The characterization of finite, connected, fixed point free partially 
ordered sets of length 1 accomplished by the theorem sheds some light on 
the general problem of characterizing finite, fixed point free, partially 
ordered sets. A component in P is a maximal connected subset of P. 
PROPOSITION 6. Let P be a finite partially ordered set. If P is jixed 
point free then P is a disjoint union of subsets P, , P2, PS satisfying the 
following conditions. 
(1) P, is a Jixed point free subset consisting of a disjoint union of 
connected,$xedpoint free subsets of length 1; 
(2) P, is a fixed point free subset in which, for euery component C 
oJ’ P, , there is a compone~~t C’ of P, ~~i~~t~nct from C s~ich that C G c’; 
(3) P, consists of a sequence a,, a2 ,..., a,,& such that P, u P, v 
{q , u2 *.i., aj> ~s~xedpoint~ree~or each j =. 1, I&..., n. 
We shall need the following simple observations in the proof. 
LEMMA 7. Let I’ and be part~ai~~~ ordered sets, let f: P --s. be an 
order-preserving map, and let a E I(P). If P is connected then both f(P) 
and P - {a) nre connected. 
yields a fence {f(a) = yI + yz ,..., yFn -= f(b)) in Q connecting $(a) to 
,1(b); hence f(P) is connected. 
Let a G I(P) where b is the unique upper cover of n, say. The map 
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f: P -+ P defined by f(a) = b and f(x) = x for x E P - (a} is order- 
preserving; hence, f(P) = P - {a} is connected. 1 
For a partially ordered set P and a map f of P to itself let f O denote 
the identity map on P and, for an integer m > 0, let fm denote the com- 
position off m times. 
LEMMA 8. Let P be a finite partially ordered set and let f be an order- 
preserving map of P to itself. Then there is an integer n > 0 such that 
f 1 f*(P) is an isomorphism off”(P) to itself. 
Proof. First, let us note that for each integer m 2 0 f”(P) # m and 
f / in”(P) is an order-preserving map of fnz(P) to itself. Furthermore, since 
P is finite the descending chain P = f”(P) Zfl(P) 2 -9. has an infimum; 
that is, there is a least positive integer n > 0 such that fn(P) = 
f”+‘(p) = . . .* Consequently, g = f /f”(P) is a bijection. It remains to 
show that g-l is order-preserving. Let us observe that for each a cfn(P) 
there is a minimum integer k > 0 such that g”(a) = a. In fact, choose 
k > 0 minimum such that g”(a) E { g”(a), g”(a), g2(a),..., g”-‘(a)). If 
g”(a) = gi(a), where j < k, then gL-j(a) = a so that j = 0. Finally, 
let us suppose that g(x) > g(y). Let r, s be the minimum positive integers 
such that g’(x) = x and g”(y) = y. Then g”“(x) = x, g”“(y) = y, 
and, since gr*S-l is order-preserving, we have x = g”“-‘(g(x)) > 
P-WY)) = Y* I 
At hand are two procedures, each of which allows for the removal 
of one element at a time from a finite, fixed point free, partially ordered 
set leaving a fixed point free subset at each successive step. 
Let P be a finite, fixed point free, partially ordered set. 
(A) We say that a subset Q of P is obtainedfrom P by step (A) if 
Q = fn(P) where f is an order-preserving map of P to itself without 
fixed points and n is the positive integer provided by Lemma 8. Note 
that elements of P - Q can be so labeled that k > j whenever 
a& E P - f”(P) and a, cfm(P) for some 1 < m < n; in addition, 
Q u (al , a2 ,..., ai> is fixed point free for each 1 < i < / P - Q /. 
(B) We say that a subset Q of P is obtained from P by step (B) if 
Q is a minimal subset such that the elements of P - Q can be labeled 
a 1 , a, ,..., a, and satisfy ai E Z(P - (a, , a, ,..., aiVl}) for each i = 1, 2 ,..., n. 
In view of Proposition 1, Q is a nonempty fixed point free subset with 
I(Q) = m. Furthermore, Q u (a, , a,-, ,..., ai> is fixed point free for 
each i = 1, 2 ,..., n. 
Let f be an isomorphism of P to itself without fixed points. We outline 
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two further procedures which permit the decomposition of P into subsets 
S such that f (S) = S. 
(C) Let P be connected and let C consist of all elements maximal 
or mi~irna~ in P. We say that G is Qbta~l~e~~.~rn P by step (C). Let- us 
observe that G is connected and, since f is an isomorphism, j(G) = 6. 
(U) Let us suppose tbat P is not connected and let 47 be a component 
in P. If f (C) n C = 0 we say that C is obtained from P by step (D). 
Note thatj(C) is a component in P: indeed, by Lemma 7, f(C) is connected 
and, if B is a component in P containing f(C), then f--‘(B) is connected 
; hence, C = f-l(B). Furthermore, if there exists a E C 
C then a is connected to f(a) so that j(C) = C. Hence, 
either-j(C) n C = a (andf(C) g C> orj(C) = C. 
We are ready to proceed with the proof of Proposition 6. Let P be a 
finite, fixed point free, partially ordered set. Let P = Q, 3 Q1 3 *.* 3 
Qrn = Q be a maximal descending chain such that Qi is obtained from 
Qiwl by step (A), if i is odd, and by step (B) if i is even. (Note that P - Q 
may be empty although Q f m .) We obtain a labeling a, , a, ,..., a, 
of the elements of P - Q and a map f of Q to itself such that 
Q U {al , a2 ,..., ai} is fixed point free for each i = 1, 2,..., n, f  is an iso- 
morphism without fixed points, and I(Q) = M. Choose P, = P - Q. 
The families of subsets P, , P2 promised by Proposition 6 are obtained 
by successively refining partitions of Q. Subsets obtained by step (C) 
are assigned to P, while those obtained by step ( assigened to P1 . 
Let KO =: Q. We construct a sequence R, = cc,), n >, 1, of 
triples of families of subsets of Q as foollows: its of those sets 
obtained from (To by step (D), G E !PY~ if G is obtained from a component C 
by step (C), and (I& = &--l .- (u QI, v IJ 
u -~- and P, = %, u 2X2 u -.a. The condi 
(1) and (2) are readily verihed. 
Finally, if P is co~nectedt~e each successive Qi is, in view of Lemma 7, 
also connected; in particular, is connected. This, in turn, implies that 
I f 25, or PI J-- 0 a The proof of ~ropo~it~o~ 6 is now ~ornp~et~~ 
Every order~~reservi~g map of a finite, ~o~~e~ted, earthily ordered 
set to itself leaves fixed some sztbse~. This is the substance of our fina. 
iesdt. 
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Proof. Let f be an order-preserving map without fixed points of a 
finite, connected, partially ordered set. Let Q = f%(P) be the subset of 
P guaranteed by Lemma 8 and let G be the set of all elements maximal or 
minimal in Q. Lemma 7 ensures that G is connected. Moreover, since 
f~Qisanisomorphism,f(G)=G.LetG=G03G13~~~3G,=Cbe 
the maximal descending chain satisfying GiAl - Gi = I(Gi-,). Since 
f 1 G is an isomorphism we have that f@(G)) = I(G) and iterating, 
f(I(Gi,)) = I(Gi-,) for each i = 1, 2,..., n; hence f(C) = C. By 
Corollary 2, C # @ and by Lemma 7, C is connected. Finally, the maxi- 
mality of the chain implies that I(C) = o and the proof is complete. fl 
REFERENCES 
1. A. C. DAVIS, A Characterization of complete lattices, Pacific J. Math. 5 (1955), 
311-319. 
2. D. KELLY AND I. RIVAL, Crowns, fences and dismantlable lattices, Canad. J. M&z. 26 
(1974), 1257-1271. 
3. B. KNASTER, Un thCori?me sur les fonctions d’ensembles, Ann. Sac. Polon. Math. 6 
(1928), 133-134. 
4. I. RIVAL, Combinatorial lattice theory: Dismantlabfe lattices, to appear. 
5. A. TARSKI, A lattice-theoretical fixpoint theorem and its applications, Pacific J. 
Math. 5 (1955), 285-309. 
